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e˙r = ν˙eθ e¨r = ν¨eθ − ν˙2er 
e˙θ = −ν˙er e¨θ = −ν¨er − ν˙2eθ, #
  	
     eh   	   
  	
e¨h = e˙h = 0 $
 	%%
         &$ 
   
r¨f = (r¨l+x¨−2y˙ν˙−ν˙2(rl+x)−yν¨er+(y¨+2ν˙(r˙l+x˙)+ν¨(rl+x)−yν˙2)eθ+z¨eh. "
'       
          
rl = rler, (
        
r¨l = r¨ler + 2r˙le˙r + rle¨r, )
      )   
r¨l = (r¨l − rlν˙2)er + (2r˙lν˙ + rlν¨)eθ. #!
*	  #!   	
     + +   
 +
 +   
p¨ = r¨f − r¨l = (x¨− 2y˙ν˙ − ν˙2x− yν¨)er + (y¨ + 2ν˙x˙+ ν¨x− yν˙2)eθ + z¨eh. #
*		 ,	  #  ! 
    - 
    

     !!"
mf p¨+Ct(ν˙)p˙+Dt(ν˙, ν¨, rf )p+ nt(rl, rf ) = Fa + Fd, #

Ct(ν˙) = 2mf ν˙
⎡⎣ 0 −1 01 0 0
0 0 0
⎤⎦
#
  
  	
 	
   		
     	
 
Dt(ν˙, ν¨, rf )p = mf
⎡⎢⎣
μ
r3
f
− ν˙2 −ν¨ 0
ν¨ μ
r3
f
− ν˙2 0
0 0 μ
r3
f
⎤⎥⎦p 
	      
 	  

   
nt(rl, rf ) = mfμ
⎡⎣ rlr3f − 1r2l0
0
⎤⎦

    
	   
    
  
    
 
Fd = fdf − mf
ml
fdl, Fa = faf − mf
ml
fal, !

 
  	
 	  	 		
  	

 	

 
 	  
   
 

  	
     
R˙ab = S
(
ωaa,b
)
Rab = R
a
bS
(
ωba,b
)
. "
#  
 $% 
 
   
  
 
    

	   
Rilp = rf − rl, %
   &
 
  
    
  "  
 
Rilp¨+ 2R
i
lS(ω
l
i,l)p˙+R
i
l
(
S2(ωli,l) + S(ω˙
l
i,l)
)
p = r¨f − r¨l. '
(  
  )%*)' 
  
     ' 	   

 
r¨f − r¨l = − μ
r3f
rf +
ffd
mf
+
ffa
mf
+
μ
r3l
rl − fld
ml
− fla
ml
, !+
   
  $%  
 !+  , 


mf (r¨f − r¨l) = −mfμ
[(
1
r3f
− 1
r3l
)
rl +
Rilp
r3f
]
+ ffa + ffd − mf
ml
(fla + fld). !$
-   
  !$  
 '    
 
	  
 
mf p¨+Ct(ω
l
i,l)p˙+Dt(ω˙
l
i,l,ω
l
i,l, rf )p+ nt(rl, rf ) = Fa + Fd, !
  
  	

 
Ct(ω
l
i,l) = 2mfS(ω
l
i,l) 	

    
Dt(ω˙
l
i,l,ω
l
i,l, rf ) = mf
[
S2(ωli,l) + S(ω˙
l
i,l) +
μ
r3f
I
]


         
nt(rl, rf ) = μmfR
l
i
[
1
r3f
− 1
r3l
]
rl  

    !  "  Fd    	
  
  Fa   
   
Fd = R
l
i
(
ffd − mf
ml
fld
)
and Fa = R
l
i
(
ffa − mf
ml
fla
)
. 
      f   
      	      	

    	    	      
   
                  
  
ωii,l = S(rl)vl/r

l rl,  
 
ω˙ii,l =
rl rlS(rl)al − 2vl rlS(rl )vl
(rl rl)
2
, !

   ωli,l = R
l
iω
i
i,l ω˙
l
i,l = R
l
i[S(ω
l
i,l) + ω˙
i
i,l]
    	 
     	  	  	
  
"    #      	
  $$
  	  
 	
  	
 	  	 		
 
  	

         
     
  
    %
  	                    
   	   
      	      
          	  	  	 
  
 &'( 	   	       	   
  
 	  	 )  ( **   +,-. **   
  

       	       		  
  
 
     pb =
∫ t
0
vbdt   	 	   
     
/     

      0!      	   
Rifbp = rf − rl , 1
  
  	
 	
   	
 
 
   	
   
 
Rifbp¨+ 2R
i
fbS(ω
fb
i,fb)p˙+R
i
fb
(
S2(ωfbi,fb) + S(ω˙
fb
i,fb)
)
p = r¨f − r¨l. 
  
 	
         	

  
r¨f − r¨l = − μ
r3f
rf +
fdf
mf
+
faf
mf
+
μ
r3l
rl − fdl
ml
− fal
ml
,  
   	
    
    
 
mf (r¨f − r¨l) = −mfμ
[(
1
r3f
− 1
r3l
)
rl +
Rifbp
r3f
]
+ faf + fdf − mf
ml
(fal + fdl).

!	"	  	
  
    	 		  
 
	  
 
mf p¨+Ct(ω
fb
i,fb)p˙+Dt(ω˙
fb
i,fb,ω
fb
i,fb, rf )p+ nt(rl, rf ) = Fa + Fd, 
	
Ct(ω
fb
i,fb) = 2mfS(ω
fb
i,fb) #
   $%
	  
	&
Dt(ω˙
fb
i,fb,ω
fb
i,fb, rf ) = mf
[
S2(ωfbi,fb) + S(ω˙
fb
i,fb) +
μ
r3f
I
]
, 
   "     
%" 	 '

 ( 	  
nt(rl, rf ) = μmfR
fb
i
[
1
r3f
− 1
r3l
]
rl )
   ( 	 
	 * '
 '	
+	 
 	Fd   
 '
 	( 
"

	( 	 Fa  	 " 	'
"( 
Fd = R
fb
i
(
fdf − mf
ml
fdl
)
and Fa = R
fb
i
(
faf − mf
ml
fal
)
. 
,
 
 
  (( 	 f  	 "  
 	
 ( 	  - 
 	  	 '+
 
 
	 	  
 	
 
  
	   +(     	( .

 	  
    ' 	 
 
' ((  	 "  
  	    
'(  	

  
F
fb
d = f
fb
df −Rfblb
(
mf
ml
f lbdl
)
and Ffba = f
fb
af −Rfblb
(
mf
ml
f lbal
)
. 
*  +( 	 "(
 
 
 ((	  	    
 	
 ( 	   
 	

  
ω
fb
i,fb = R
fb
lb R
lb
l R
l
iω
i
i,l +R
fb
lb ω
lb
l,lb + ω
fb
lb,fb. 
  
  	

    	 
     	   	 

  
        	 	  
  
 
  !    		        "
    	   
   	  
	 	  
   	    #  	  "
     	 	   	     pl = [a, b, c]
 =
aer + beθ + ceh$  	%    
p = Rfbl pl, &'
   (  &'   
p˙ = −S(ωfbl,fb)Rfbl pl +Rfbl p˙l. &)
* 
	  	 &'  pl  (  p˙l
  	
 	
+    
    !   	   	
 	    	"		 $     ,	- "
      

   	
 
. ! (	        Fb  Fa 
  ,	  /	 ''   
 
q˙ = T(q)ωba,b, T(q) =
1
2
[ −T
ηI+ S()
]
∈ R4×3. &
    	
 
0  
     $  	 	    
 ,	-    1$ )22
Jsω˙
sb
i,sb = −S(ωsbi,sb)Jsωsbi,sb + τ sbsd + τ sbsa &
 Js = diag{Jsx, Jsy, Jsz} ∈ R3×3         $
τ sbsd ∈ R3   	   $ τ sbsa ∈ R3   	   
 "3
"
 s = l, f   	  		 
$ 
	
*  
     
 	  	 	        
  
 
 .  	 	    
 
ωsbs,sb = ω
sb
i,sb −Rsbi ωii,s, &4
 ωii,s    
    .    	 	 
( &4   &$ 	 
Jω˙sbs,sb = −S(ωsbi,sb)Jsωsbi,sb + JsS(ωsbi,sb)Rsbi − JsRsbi ω˙ii,s + τ sd + τ sa, &5
  
  	
 	
  ω˙ii,s   	
          

	           
 
  	  
         

  
   !  " !    
 ! #

  
   
      
  
 ! ! 
     

$  " "%  
       #
      ###
    "   

 &  '      
  	
 		
	
(     "  !      
qi,lb         "  !    
  qi,fb )!         "  
 " 

"  * 
    	
 
qlb,fb = q¯i,lb ⊗ qi,fb , 
        "       ql = qi,lb 
qf = qlb,fb ( !  " "  	
  +  
,,,- . ,,
Jf ω˙ + JfS(R
fb
lb ω
lb
i,lb)ω − JfRfblb J−1l S(ωlbi,lb)Jlωlbi,lb /
+ S(ω +Rfblb ω
lb
i,lb)Jf (ω +R
fb
lb ω
lb
i,lb) = Υd +Υa,
 
ω := ωfblb,fb = ω
fb
i,fb −Rfblb ωlbi,lb 
  !  !"    Ffb  F lb 	
  Ffb 
Υd = τ
fb
fd − JfRfblb J−1l τ lbld, Υa = τ fbfa − JfRfblb J−1l τ lbla 0
  ! 
 *   * 
!" $ 
#
" / "    
Jf ω˙ +Cr(ω)ω + nr(ω) = Υd +Υa, 0,
 
Cr(ω) = JfS(R
fb
lb ω
lb
i,lb) + S(R
fb
lb ω
lb
i,lb)Jf − S(Jf (ω +Rfblb ωlbi,lb)) 01
  2 #" 	 
nr(ω) = S(R
fb
lb ω
lb
i,lb)JfR
fb
lb ω
lb
i,lb − JfRfblb J−1l S(ωlbi,lb)Jlωlbi,lb 0
   
  
  	

  	
         
         !!"#
  	
 	
     $      % $ 
&  '  (    $  
J2 )  $        )
  %    '     *
$     $ + $     $
     %    $    
     )   $$  
     $     ) *
    $    $    
 ) $ +    $  )   *
  ) $  )    $ ) ) )
             
) ,$         	    
  $          (  -(.#
& $        
  
  	
 	







	
	




  	
         

  	
 	 
             
       !  "  
"  "    #!  
 	 

$    !          #
 !             
  !   U(r) = −μ/r        
       "     !   #
    %          
    !    &'(" )*+,-
U(r, φ, λ) = −μ
r
+B(r, φ, λ), &*.-
 μ = Gm" r      !  P    
 "  B(r, φ, λ)         
             
   φ      λ   
  !       	
  
  	

  	  

  
  
      
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   
  −0.9× 10−6 1.57× 10−6
  0.27× 10−6 2.19× 10−6
  −0.21× 10−6 0.31× 10−6
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n=2
[(Re
r
)n
JnPn(sin(φ)) +
n∑
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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  Pnm(u) Pnm(sin(φ))
   
  u sin(φ)
  (1− u2) 12 cos(φ)
 
1
2 (3u
2 − 1) 12 (3 sin2(φ)− 1)
  3u(1− u2) 12 3 cos(φ) sin(φ)
  3(1− u2) 3 cos2(φ)
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∞∑
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√
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θ1 = 2
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θ2 = 2
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θ3 = 1
η˜
  	
    η˜ 
    
       i(t0)   
   η˜   t′k    η˜      
!  tj+1         
        i(tj+1) = k  k  
  ""  ""        η˜
   		
 
              
       η˜(t)    # $	 
     % $	        
 &        ηe,b(t) ≥ δη   t ≥ t0
           
# $' (        
τ a = Jad − S(Jωbi,e)ωbi,d − kpTh ehq − kdωbd,e,  )*!
 kp, kd > 0      ω
b
d,e := ω
b
i,e −ωbi,d   
             
   
z˙ =ad + J
−1
[
lpT

eqeeq − kpTh ehq
]
,  $+!
ωbi,e =z+ 2J
−1ldT

eqeeq,  $	!
 lp, ld > 0     ,-  x := [e

hq, e

ω , e

eq, e

eω , h]


  .  
C1 := {x ∈ S3 × R3 × S3 × R3 ×H : h
(
η˜ − 1
2kp
λ˜Jeω
)
≥ −δm}  $)!
C2 := {x ∈ S3 × R3 × S3 × R3 ×H : ηe,b ≥ δη},  $$!
 C = C1 ∩ C2  δm  δη         $)!
        η˜        
  δm   /   .      $$!
  
   	
 	
   	
  

  ηe,b 
  

  
 
 
  

 
  
 		  
D1 :={x ∈ S3 × R3 × S3 × R3 ×H : h
(
η˜ − 1
2kp
λ˜Jeω
)
≤ −δm} 
D2 :={x ∈ S3 × R3 × S3 × R3 ×H : ηe,b ≤ δη}, 


 D = D1 ∪D2  
  	   

 
h˙ = 0 ∀x ∈ C 
x+ := G1(x) = [e

hq, e

ω , e

eq, e

eω,−h] ∀x ∈ D1  
x+ := G2(x) = [e

hq, e

ω ,0, e

eω, h]
 ∀x ∈ D2. !
G1(x) 

  h  	
   
 
 "

  #
   
 	 

 	 hη˜     #
  
 G2(x) 

  eeq = 0 ⇒ ηe,b = 1 $ 
%    ∀x ∈ C 
 #
 h˙ = 0 &
 	  
 
   


  	   	
 	 '  '!    	
 	
 

	 '(! 	 	     
 
  
 δ
Δ 	
 	 	  kp kd lp  ld 
 	
	 	
 	 Aδ = {x ∈ S3×R3×
S3 ×R3 ×H : ‖χ‖ ≤ δ}   		 	   	 	
 AΔ := {x ∈ S3 × R3 × S3 × R3 ×H : ‖χ‖ ≤ Δ}

 )

 *
 + ,-!
   	 	
	 !" #  
  
 
  $  	 	 	
 	  
  	
 	
τ d ≡ 0 	
 % χ = 0   		 	
   	
 	
.   
	  
 

    
 
  
 	  



    
	  /   	    	
 
	
 


 	 
 "  	   


  0

 "  	
 	
   
	    
# " 	 &
   
      



  )
	  '!-   
 
    

   		
 
	
  
 
   	
   	 
	 	 	
   		
	 	  	  		 		 	 	    
	
  
    	       

	  	 
	 	
    
  
 	  
	
	   		 !	
  
   	


 
   
   	

  	 	    
			
 	
	     	     	   	 	 
		  			 	  		   			 

eq =
{
eq+ if kη˜ η˜(t0) + k ˙˜η
˙˜η(t0) ≥ 0
eq− if kη˜ η˜(t0) + k ˙˜η
˙˜η(t0) < 0
}
,  !"#
$ η˜(t0)  ˙˜η(t0)  			 
  kη˜  k ˙˜η    %

˙˜η = −1/2˜eω &' 	 
  	 $  (  	 	 $	 
'	 		 
    	 	 ! )  	

	 	 *   	

    kη˜  k ˙˜η   

 +  	 ' $	   $		 ' 
	 	 	 	
	'  '	  σ   	 kq  γ %  $
	 
			
 	  		 $ '   
 ,  $	
  '	   	     $	 
  
	
-,			'    $ 	
) 		 
 	  	 	 $  			 		 
* 	
' $   	
 	    	  


	 	' $'  	  	 ‖eω(t0)‖  1  ˜(t0) ≈ 0 %  
$		 $ 	  !./# 	 	 	'	 $
ς := h
(
kq η˜ − 1
2
γ˜Jeω
)
≥ −σ .  !!0#
1 	 $  ˜eω ≈ 0  2   # 
 		 '  3
   '	 
 	
	    $   			 
 		  	

! $ 	
	 
 
	 (q(t0),ω(t0)) = ([1,0]
, 1.5v) $ v =
[3,−4, 5]/‖[3,−4, 5]‖   	    kq = 1 kω = 2 γ = 1 
$		   '	# 	   σ = 0.1 ) 	 '  	 
	 
			
 	 	  
  $		    '	
 	  *   4'    4
  5 '
	(   '	 $		  	   ' $  	3

 ! 	
  	 $	   
   $		 		
 !!0#     $		   ' σ > 0 6 '  

  			 
 	' '   	7 '  	

 
 #    		  !"# 	 8 	 ,	 ' 

  			 
 	' *   			 
 	'  

			
 	 		   			 	  	 	 ' 
%, $ 	  			 	'  eω(t0) = 3.5v

 ( $		* 
 	
 !!  	
	 
 %$  ' 
 	   	
	

  '	 
'    	 
			
 	 

 	

   $ $ 
	    '	
 $	  	 	
  
 	'   
  
     '	 
  	

 3
 $   	
	 	  		 	  kω = 1 5 
 	 	   	    
			
 	 $ 
	
  
   	
 	
  	 
   
Jq Jω Jp
       
!"#      
    $  
!"#    $ %  
	
 	 
    

 	 
    
  ! "  # $#%  #	
  &
	'	 

Jq Jω Jp
(

 #      
)*+   
($,
   
  ! "  # $#%  #	
  

 
   $	 	
 #
 
	  $
 (5896 s)
Jq Jω Jp
(

 #       
)*+     
($,
    
	' 	
 	  - 	' 	' ' . 
 	' '
 	
&
	'   %$
 	 
 &  %$	
 %$  	 	' 	
/
 	 &'
 	' 
	 	  		
	  
 
%
  # 	' 	0 

  # $		 	 '  %$	
  '
 	 % 
 #	' 
%

'  
 
 	' '	
 	'' σ
1 %$ 
 # 	' 	 
 #	
 # 	' $#%  
2 Jq. Jω
  Jp #   	' 
% 	
 
  , 
 $	 
   
   	 
 
 
3 	'
 	
 & %$  	' '
 	 $	 
 (	
   
 &
	' 	' $,
 	 	 $	 
 (	
 . &' 	' $
% 
  
 	 %$  $#%  # 	
' 

	
  
	
 & 	 	 q(t0) = [−0.3772, − 0.4329, 0.6645, 0.4783]
  ωbi,b(t0) = [0.1 − 0.3 0.2] ' 	  
 & '   kp = 4. kd = 5
# 	' )*+ 	.   kq = 1. kω = 2   γ = 1 # 	' 

 # 
	. &'
 	' $,
  
 & '   kp = 4. kd = 5. kq = 0.5
kω = 1   γ = 1 - 4	
, # 	' 	
 $ &  	 	 
 
%
 
$#%  # 	' 
5	 	
6   	& 
 # 
% 	
 	 %$  	' '
 

 #  /
	. 	' )*+ '
 	   	' $,
/  	 ' 
%/
 	
 	 #% 	' 7	 
% 	
   %% 
8 
      $
	
  
   	


 
   
0 5 10 15
1
0
1
0 5 10 15
1
0
1
0 5 10 15
0
2
4
0 5 10 15
0
20
40
0 5 10 15
5
0
5
0 5 10 15
2
0
2
  
η˜
ω
b,

d
,b
ω
b d
,b
∫ t t 0τ

τ
	


h
τx
τx
τy
τy
τz
τz
 






	





 















        	  ! "
!    #     # 
#   
	 (kq = 1, kω = 2, ω = 1.5v)
  
   	
 	
0 5 10 15
0.7
0.8
0.9
1
1.1
  
ζ
	
  	  	  
 	
             	

    	 	  
   
!" 	 	 # "    $	   %
&
 &
   
          	
 '
(   
  
   
 
   

 
   
        (5896 s)  
 )      
    
   
 

*       
   	
     
    	
           ) 
   	    
 &
  	
 + ,   
% " 
  	      
 -
   
        $	 
   &

  	  $ 	    $	
   &

   	   	     ) 
  	           	

   )" 
	   

 " 
  
   
 
  
   
    		
 
(            $ 
 
 
         qi,b(t0) = [1, 0, 0, 0]"
ωbi,b = [4, 0.2, − 0.3]" h(t0) = 1" z(t0) = [0, 0, 0]  qi,e(t0) = qi,b(t0)"
   	  kp = 1" kd = 3" lp = 40" ld = 25"  	
  δm = 0.1  δη = 0.9        
 
  . 
  	   /
ωii,d = [3.2 cos(2× 10−3t), 0.12 sin(1× 10−3t), 0
− 3.2 sin(4 × 10−3t)] × 10−6 rad/s.
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   
 x,y ∈ Rn  
,
  xy =∑ni=1 xiyi 



 
 	  
 ' xy = yx ∀x,y ∈ Rn  x(y + z) =
xy + xz, ∀x,y, z ∈ Rn 9
 %    
 x ∈ Rn  
,
 
‖x‖ :=
√√√√ n∑
i=1
x2i =
√
xx, *
 ' 
  :  		


• ‖x‖ = 0   '  x = 0 ∈ Rn$
• ‖x‖ > 0   x ∈ Rn  x = 0 ∈ Rn$
• ‖αx‖ = |α|‖x‖   α ∈ R  x ∈ Rn 
'*$
   
  	
 
• ‖x‖ − ‖y‖ ≤ ‖x+ y‖ ≤ ‖x‖+ ‖y‖    x,y ∈ Rn 	
 	
• |xy| ≤ ‖x‖‖y‖    x,y ∈ Rn  	
 0 	 
	 	  	    		 n × m   
	  0n×m ∈ Rn×m   	      	
	 	
  !	    x,y ∈ Rn 	 	 p ∈ N\{1}  " 
|xy| ≤ 1
p
‖x‖p + p− 1
p
‖y‖ pp−1 . #$
% p = 2      	
  	    	 λ > 0  "
|xy| ≤ λ
2
‖x‖2 + 1
2λ
‖y‖2. #&
  ' v · u    " v ∈ Rn 	 u ∈ Rn  (	 
v · u  v1u1 + v2u2 + . . .+ vnun. #)
  '    	 	 	  " 	     
	
 !      " v ∈ Rn 	 u ∈ Rn  
v · u = 0 #*
 "  
  	      " 0 

	  " " v ∈ Rn  v · 0 = 0    v
 "  ' 	 " v 	 " u  
"	 
‖v× u‖ = ‖v‖‖u‖ sin θ, #+
 θ   	
 	  " u 	 v  ,  '
S(·)    "   ' 	  " u ∈ R3 	 v =
[v1, v2, v3]
 ∈ R3 	  (	 
S(v) 
⎡⎣ 0 −v3 v2v3 0 −v1
−v2 v1 0
⎤⎦ , #-
  v × u = S(v)u  ''    ,   
. S(αv + βu) = αS(v) + βS(u)
$ S(v)S(u) = uvT − vTuI3×3
& S[S(v)u] = uvT − vuT
) vTS(u)v = 0
* S(v)v = 0
   
  	
 

  	
  
	 A ∈ Rm×p  B ∈ Rp×n 
 C = AB ∈ Rm×n
  
C =
⎡⎢⎢⎢⎣
∑p
k=1 a1kbk1
∑p
k=1 a1kbk2 · · ·
∑p
k=1 a1kbkn∑p
k=1 a2kbk1
∑p
k=1 a2kbk2 · · ·
∑p
k=1 a2kbkn











∑p
k=1 amkbk1
∑p
k=1 amkbk2 · · ·
∑p
k=1 amkbkn
⎤⎥⎥⎥⎦ , 
 
    


• (AB) = BA   A ∈ Rm×p  B ∈ Rp×n
•   AB = BA
•   A ∈ Rm×p,B ∈ Rp×n
A(B+C) = AB+AC 
 C ∈ Rp×n
ABC = A(BC) = (AB)C 
 C ∈ Rn×r
 
 A ∈ Rn×m     
 	
       	
  m = n    
  
	  A = A !"
	  A = −A
  

 
  !"
	 
	  


xAx = 0, ∀x ∈ Rn. #
   
 A ∈ Rn×n    aij = 0   i = j 

A= diag{a11, a22, . . . , ann}    
 A ∈ Rn×n    
 
"

  $ 

      
   $ % & 
' (#    

    
 A   
 
)
$     A 
 Re(λi) < 0    
 A ∈ Rn×n 
 
  
 
 
xAx > 0, ∀x ∈ Rn, x = 0. (*
   
 A ∈ Rn×n   
  
 "
 
xAx ≥ 0, ∀x ∈ Rn. ((
   
 A ∈ Rn×n   
  
 
  −A  
 

 
 "
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Σ1 : x˙1 = f1(t, x1) + g(t, x)x2 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x˙1 =f1(t, x1, θ1) + g(t, x, θ)  
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   !"  !
Je˙ω + (kωI− S(Jω)) eω + kqTe eq = 0. #
$   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% & 	! !  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 
V (x) :=
1
2
(
eωJeω + e

q kpeq
)
> 0, ∀ eω = 0, eq = 0, '
 x = [eq , e

ω ]
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 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
 '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 )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V˙ = eq kqTeeω + e

ω (S(Jω)− kωI) eω − eω kqTe eq, 
  %  	  !      * ! S (Jω)  
+"! ,      xS(y)x = 0 	  x,y ∈ R3
!  
V˙ = −eω kωeω . 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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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W (x) := eq TeJeω, 
!  !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	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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W˙ =e˙q TeJeω + e

q T˙eJeω + e

q TeJe˙ω 
=eωT

e TeJeω + e

ωG
Jeω − eq Te
[
(−S(Jω) + kωI) eω + kqTe eq
]
, )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    	  W˙ (x)  "* % 
  E = {x ∈ S3e+ × R3 : V˙ (x) = 0} = {x ∈ Se+3 × R3 : eω = 0}5   
 
eω = 0 ⇒ W˙ = −eq TekqTe eq. 6
 +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 
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V˙ = −eω kωeω ≤ 0 
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' V(t) = V (eq(t), eω(t))  x(t) = [eq(t), eω(t)]  %   	
     

∫ t
t0
V˙(s)ds = −
∫ t
t0
eω (s)kωeω(s)ds (
−V(t) + V(t0) = kω
∫ t
t0
‖eω(s)‖2ds. )
* −Vl(t) ≤ 0 	  	
kω
∫ t
t0
‖eω‖2ds ≤ V(t0) =1
2
[
eω (t0)Jeω(t0) + e

q (t0)kqeq(t0)
]
≤max{jM , kq}‖x(t0)‖2, &
 
 ∫ t
t0
‖eω(s)‖2ds ≤ c1‖x(t0)‖2, 
	 c1 = max{jM , kq}/kω +	  W(t) = W (eq(t), eω(t)) 
 
W(t) = eq(t)Te(t)kqJeω(t), 
  , 	 
W˙(t) = e˙q (t)Te(t)kqJeω(t) + eq (t)T˙e(t)kqJeω(t) + eq (t)Te(t)kqJe˙ω(t). 
 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W˙(t) =eω (t)Te (t)Te(t)kqJeω(t) + eωG(t)kqJeω(t) .
−eq (t)Te(t)kq
[−S(Jωbi,b(t)) + kωI] eω(t)− eq (t)Te(t)k2qTe (t)eq(t)
≤− c2‖eq‖2 + c3‖eω‖2 + c4‖eq‖‖eω‖,
	 c2 = k
2
q/4% c3 = kqjM‖G(t)‖% c4 = kq/2
(
‖S(Jωbi,b(t))‖ + kω
)
 ‖G(t)‖ ≤
1/4   
   .   	 

c4‖eq‖‖eω‖ ≤ κ‖eω(t)‖2 + c
2
4
κ
‖eq(t)‖2, -
   
  	 
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   	
 κ  1 	   c2 > 2c24/κ   

W˙(t) ≤ −c2/2‖eq(t)‖2 + (c3 + κ)‖eω(t)‖2. 
  
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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  
 
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W(t0) + (c3 + κ)c1‖x(t0)‖2 ≥ c2
2
∫ t
t0
‖eq(s)‖2ds. "
 
	
   
‖W(t0)‖ ≤max{kq, jM}‖eq(t0)‖‖eω(t0)‖
≤max{kq, jM}‖x(t0)‖2 
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  	∫ t
t0
‖eq(s)‖2ds ≤ c5‖x(t0)‖2, #
 c5 = 2 (max{kq, jM}+ (c3 + κ)c1) /c2 $   %  &  ' 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 eq = eq+   Te = Te(eq+)
) 	   
	  
x˙ :=
[
e˙q
s˙
]
=
[
Tes−TeγTe eq
J−1
{
[S(Jω)− kωI]s− kqTe eq
} ] . &
*	
   
   	
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
V (x) =
1
2
sJs+
1
2
eq kqeq > 0 ∀ s = 0, eq = 0, &

 	 
	+	
V˙ = sJs˙+ eq kq e˙q. &
 
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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  

V˙ =sS(Jω)s− skωs− skqTe eq + eq kqTes− eq TeγkqTe eq &&
=sS(Jω)s− skωs− eq TeγkqTe eq &,
   	   	-	  S(·)  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
V˙ = −skωs− eq TeγkqTe eq &.
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V˙ ≤ −skωs− eq
γkq
8
eq . 
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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      βj ≤ ‖J‖ ≤ βJ  
c6 := 1/2min{kq, βj} #
c7 := max{kq, βJ} $
c8 := min{γkq/8, kω}, %
      c7
[‖s‖2 + ‖eq‖2] ≥ V (x) ≥ c6 [‖s‖2 + ‖eq‖2]  "
      & V˙ ≤ −c8/c7V (x)  	
  	  
eω = γT

e eq − s
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
 
(
 		  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 eq = eq+  Te = Te(eq+)
    # &    	"    		 )$)
 )$  & *		 	[
e˙q
s˙
]
=
[
Tes−TeγTe eq
J−1
{
[S(Jω)− kωI]s − kqTe eq + τ d
} ] . +,
 
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V˙ ≤ −xQx+ ‖x‖βd +
  Q = diag{γkq/8I, kωI}   	 	 / 
	 V˙ < 0  
‖x‖ > δ = βd/qm   qm 	  		 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	  

lim
δ→0
κ(δ)δp
κ(δ)
= lim
δ→0
max{kq, βJ}δ2
1/2min{kq, βj} = 0 +)
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 
 eq = eq+
 Te = Te(eq+)   x = [e

q , s
]      	
 x = x
 
 f  
 
 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 
	  ρ : S3e × R3\{x = 0} → R≥0
ρ(x) =
[
1
2
(
eq kqeq + s
Js
)]−α
, α > 2.  !%"$

 	   ρ(x) = V (x)−α  V : S3e ×R3 → R≥0 	   	  !"&$
'	 V (x) = O(‖x‖2)  ρ 	 	
   t 
 	
		
  	
	    ρ
   	 

 α > 2 (
 	 
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

[∇ · (fρ)](t,x) > 0 ∀t ≥ 0, a.a. x ∈ S3e × R3.  !%%$
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∇ · (fρ) = ∇ρ · f + (∇ · f)ρ
= (∇ · f)V −α − αV −(α+1)∇V · f
= V −(α+1) [(∇ · f)V − α∇V · f ] .  !%-$
 	
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 	  	
 	  	
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∇V · f = −skωs− eq TeγkqTe eq.  !%$
0 
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
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[∇ · f ](t,x) = ∇(eq) · e˙q +∇(s) · s˙,  !%1$

∇(eq) · e˙q =∇(eq) · (Tes− γTeTe eq)  !%2$
=
1
2
∇(eq) ·
⎛⎜⎜⎝
⎡⎢⎢⎣
˜x ˜y ˜z
η˜ −˜z ˜y
˜z η˜ −˜x
−˜y ˜x η˜
⎤⎥⎥⎦ s
⎞⎟⎟⎠− γ4∇(eq) ·
⎛⎜⎜⎝
⎡⎢⎢⎣
˜2x + ˜
2
y + ˜
2
z
η˜˜x
η˜˜y
η˜˜z
⎤⎥⎥⎦
⎞⎟⎟⎠
=− 3γη˜
4
.  !%3$
4  
∇(s) · s˙ = ∇(s) · (J−1{[S(Jω(t))− kωI]s− kqTe eq}).  !-#$
 	 ω(t) = s+ ωr(t)   
	
∇(s) · s˙ = ∇ · (J−1{[S(Js) + S(Jωr(t)) − kωI]s− kqTe eq})  !-&$
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  	    ∇(x) · f(x, y) = ∂f(x,y)
∂x

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
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  
∇(s) · S(Js)s = 0 	

∇(s) · S(Jωr(t))s = 0, 	

   
∇(s) · s˙ = −3ckω, 	

 c := (1/Jx + 1/Jy + 1/Jz)
 
[∇ · f ](t,x) = −3(γη˜
4
+ ckω). 	
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[(∇ · f)V − α∇V · f ] > 0
    
−3
2
(γη˜
4
+ ckω
)[
sJs +
1
2
eq kqeq
]
+ α
[
skωs+ e

q TeγkqT

e eq
]
> 0.
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 !  S3e × R3 (!      ' " )
    	
   Te = Te(eq+) 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e˙ω = J
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
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V (x) :=
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[
kp
k1
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ek1e

q eq − 1
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+ eωJeω
]
> 0 ∀ eq 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κ(‖x‖) = 1
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, βJ}
(
ek1‖x‖
2 − 1
)
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k1e

q eqeq Teeω + e

ωS(Jω)eω
− eω kpek1e

q eqTe eq − eω kdek2e

ω eωeω 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=− eω kdek2e

ω eωeω  "
≤− eω kdeω ≤ 0 . 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W˙ =e˙q TeJeω + e

q T˙eJeω + e

q TeJe˙ω  *
=eωT

e TeJeω + e

q T˙eJeω
− eq Te
[ (
−S(Jω) + kdek2eω eωI
)
eω
+ kpe
k1e

q eqTe eq
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 E = {x ∈ S3e+ × R3 : V˙ =
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eω = 0 ⇒ W˙ = −eq Tekpek1e

q eqTe e, 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e˙ω = J
−1
(
S(Jω)eω − kpα(‖eq‖2)Te eq − kdβ(‖eω‖2)υ(‖eq‖2)eω
)
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V (x) :=
1
2
[
kpξ(‖eq‖2) + eωJeω
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> 0 ∀ eq = 0, eω 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κ(x) =
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2
min{kp, βj}min{ξ(‖x‖2), ‖x‖2} %"
κ(x) =
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V˙ = kpξ˙(‖eq‖2)eq Teeω + eωS(Jω)eω %!
− eω kpα(‖eq‖2)Te eq − eω kdβ(‖eω‖2)υ(‖eq‖2)eω.
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V˙ =− eω kdβ(‖eω‖2)υ(‖eq‖2)eω %(
≤− eω kdυ(‖eq‖2)eω. %.
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W˙ =e˙q TeJeω + e

q T˙eJeω + e

q TeJe˙ω %%
=eωT

e TeJeω + e

ω
(
1
2
[η˜I+ S(˜)]− 1
4
I
)
Jeω
− eq Te
[(
− S(Jω) + kpα(‖eq‖2)Te eq
+ kdβ(‖eω‖2)υ(‖eq‖2)I
)
eω
]
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 E = {x ∈ S3e+ × R3 : V˙ = 0} = {x ∈ S3e+ × R3 : eω = 0}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W˙ = −eq Tekpα(‖eq‖2)Te eq. %
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e˙ω = J
−1
(
S(Jω)eω − kpek1eq eqTe eq − kdek2e

ω eωeω + τ
b
d
)
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V˙ ≤ −eω kdeω + βd‖eω‖.  *
	
 δ := βd/kd . 
 
/
 "
 
 "
 V˙ < 0  ‖eω‖ > δ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V˙ =− eω kdek2e

ω eωeω + βd‖eω‖+ λeωTe TeJeω
+ λeq T˙eJeω + λe

q Te
[
S(Jω)− kdek2eω eωI
]
eω
− λeq Tekpek1e

q eqTe eq + λβd‖eq Te‖,  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V˙ ≤ − eω kdek2e

ω eωeω +
λ
4
eω[η˜I+ S(˜)]Jeω
+ λeq Te
[
S(Jω)− kdek2eω eωI
]
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− λeq Tekpek1e

q eqTe eq + 2βd‖x‖  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=− xPx+ 2βd‖x‖,  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     P := [pij ], i, j = 1, 2  	
p11 = λTekpe
k1e

q eqTe 
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p12 = p

21 =
λ
2
Te
[
kde
k2e

ω eωI− S(Jω)
]
p22 = kde
k2e

ω eωI− λ
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[η˜I+ S(˜)]J
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	 ω = eω + ωd 	 	
! ‖ω‖ ≤ Δ + βωd := Δ˜  	 ‖S(Jω)‖ ≤ βJΔ˜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xPx ≥ (p11,m − p12,M )‖eq‖2 + (p22,m − p12,M )‖eω‖2 
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xPx ≥ 1
2
(
p11,m‖eq‖2 + p22,m‖eω‖2
)
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βJΔ˜ + kdek2Δ
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−λ
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[η˜I+ S(˜)]J λ
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k2e

ω eωI+ S(Jω)]Te !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× 8
λkpe
k1eq eq
I
λ
2
Te
[
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k2e

ω eω I− S(Jω)
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
q eqI λ
4
{
[η˜I+ S(˜)]J+
2
kpe
k1eq eq
×
[
kde
k2e

ω eωI− S(Jω)
] [
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
ω eωI− S(Jω)
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e˙ω = J
−1
(
S(Jω)eω − kpα(‖eq‖2)Te eq !
− kdβ(‖eω‖)υ(‖eq‖2)eω + τ bd
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V˙ ≤ −eω kdυ(4)eω + βd‖eω‖. !//
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 V˙ (x) < 0  ‖eω‖ < δ  
       
	 $ Bδ  V  	
   	
	
  
$  ‖eω(t)‖  $
   '
  r > 0  2 Δ(r) > 0 
 supt≥t0‖eω(t)‖ ≤ Δ '
   

 ‖x(t0)‖ < r t0 ≥ 0 3
  Δ
 λ(Δ) > 0 $  
 
 $  4
  534
V(x) =V (x) + λW (x) !/
   
    	

 
  W (x)  	 	 
  		 	  
  	
V˙ =− eω kdβ(‖eω‖)υ(‖eq‖2)eω + βd‖eω‖
+ λeωT

e TeJeω + λe

q T˙eJeω
+ λeq Te
(
S(Jω)− kdβ(‖eω‖2)υ(‖eq‖2)I
)
eω
− λeq Tekpα(‖eq‖2)Te eq + λβd‖eq Te‖. 

 		 T˙eeq = G(q˜)eω   G(q˜) = 1/2[η˜I + S(˜)] − I/4 	 	 
‖Te Te‖ = I/4 	 ‖eqTe ‖ ≤ ‖eq‖   	
V˙ ≤ − eω kdβ(‖eω‖2)υ(‖eq‖2)eω+
λ
2
eω[η˜I+ S(˜)]Jeω
+ λeq Te
(
S(Jω)− kdβ(‖eω‖2)υ(‖eq‖2)I
)
eω
− λeq Tekpα(‖eq‖2)Te eq + 2βd‖x‖ 
 
=− xPx+ 2βd‖x‖, 
!
" λ ≤ 1 	   P = [pij ], i, j = 1, 2  
p11 = kdβ(‖eω‖2)υ(‖eq‖2)I− λ
2
[η˜I+ S(˜)]J
p12 = q

21 =
λ
2
Te
[−S(Jω) + kdβ(‖eω‖2)υ(‖eq‖2)I]
p22 = λTekpα(‖eq‖2)Te . 
#
$	 ω = eω +ωd 	  ‖eω‖ ≤ Δ 	 ‖ωd‖ ≤ βωd  %	   	%
  &  %	 ‖ω‖ ≤ ζ(Δ, βωd) 	 % ‖S(Jω)‖ ≤ ζ˜(Δ, βωd) ' 	
 (% %%	 	 −xPx   % 2|ab| ≤ a2 + b2 " 	 a, b ∈ R 
	
xPx ≥ (p11,m − p12,M )‖eq‖2 + (p22,m − p12,M )‖eω‖2 

  pij,m 	 pij,M 	   	 % %	 	  	% 	) "
 %) qij  *  	% 
p11,m ≥2p12,M
p22,m ≥2p12,M , 

%	 	
xPx ≥ 1
2
(
p11,m‖eq‖2 + p22,m‖eω‖2
)
. 
+
' "% 
   	  
λ ≤ 2kdυ(4)
ζ˜(Δ, βd) + kdβ(Δ2) + βJ
kp ≥ 2
[
ζ˜(Δ, βd) + kdβ(Δ
2)
]
, 
,
   
  	 

  
V˙ ≤ −pm‖x‖2 + 2βd‖x‖, 	


 pm        P	  V˙ < 0  ‖x‖ > δ′ =:
2βd/pm                 
                  
                   
            (eq, eω) → (0,0) 
 !"	
#           	
    	
 
$              	
	
 eq = eq+   Te = Te(eq+)	
$          	 $  
eω = ω
b
i,b − ωbi,d 	



e˙ω = ω˙
b
i,b − ω˙bi,d, 	

%
    %	&'  '	%(   
e˙ω = J
−1[−S(ωi,b)Jωbi,b + τ a + τ d] + S(ωbi,b)ωbi,d −Rbi ω˙ii,d. 	

'
#       '	%)      S(ωbi,b)ω
b
i,d = −S(ωbi,d)ωbi,b =
−S(ωbi,d)(eω + ωbi,d) = −S(ωbi,d)eω   
e˙ω =J
−1[S(Jωbi,b)ω
b
i,b + Jad − S(Jωbi,e)ωbi,d − kpek1e

q eqTe eq
− kde−k2eq eqωbd,e + τ d]−Rbi ω˙ii,d − S(ωbi,d)eω. 	

(
*+   ωbi,b = eω +ω
b
i,d ω
b
i,e = ω
b
i,b − eeω   ωbd,e = ωbd,b +ωbb,e = eω − eeω
  
e˙ω =J
−1[S(Jωbi,b)(eω + ω
b
i,d)− S(J[ωbi,b − eeω ])ωbi,d
− kpek1eq eqTe eq − kde−k2e

q eq (eω − eeω)− JS(ωbi,d)eω + τ d] 	

,
=J−1[S(Jωbi,b)eω + S(Jeeω)ω
b
i,d − kpek1e

q eqTe eq
− kde−k2eq eq (eω − eeω)− JS(ωbi,d)eω + τ d]. 	

-
.        
eeω = ω
b
i,b − ωbi,e 	

)
e˙eω = ω˙
b
i,b − ω˙bi,e, 	

&
   
    	
 
   	
    
 	 
    
 
e˙eω =J
−1[−S(ωbi,b)Jωbi,b + τ a + τ d]− z˙ 
− 2J−1ld[T˙eqeeq +Teq e˙eq].
	
		  	
     
 
e˙eω =J
−1[S(Jωbi,b)ω
b
i,b + Jad − S(Jωi,e)ωbi,d − kpek1e

q eqTe eq
− kde−k2eq eqωbd,e + τ d]− ad − J−1[lpek3e

eqeeqTeqeeq − kpek1e

q eqTe eq]
− J−1 ld
2
[ηe,bI+ S(e,b)]eeω 
=J−1{S(Jωbi,b)(eω + ωbi,d)− S(J[ωi,b − eeω ])ωbi,d + τ d
− kde−k2eq eq (eω − eeω)− lpek3eeqeeqTeqeeq −
ld
2
[ηe,bI+ S(e,b)]eeω}
=J−1{S(Jωbi,b)eω − kde−k2e

q eqeω + S(Jeeω)ω
b
i,d + kde
−k2e

q eqeeω
− ld
2
[ηe,bI+ S(e,b)]eeω − lpek3eeqeeqTeqeeq + τ d}. 
 ! 
 			  ! !   	

  
 
 " ! 	 x˙ = f(t,x) x =
[eq , e

ω , e

eq, e

eω ]

 

f(t,x) =
⎡⎢⎢⎣
Teeω
J−1l ξ1
Teqeeω
J−1l ξ2
⎤⎥⎥⎦ , 
	
ξ1 =S(Jω
b
i,b)eω + S(Jeeω)ω
b
i,d − kpek1e

q eqTe eq 
− kde−k2eq eq (eω − eeω)− JS(ωbb,d)ωbi,d + τ d,
 
ξ2 =S(Jω
b
i,b)eω − kde−k2e

q eqeω + S(Jeeω)ω
b
i,d #
+ kde
−k2e

q eqeeω − ld[ηe,b + S(e,b)]eeω
− lpek3eeqeeqTeqeeq + τ d.
$ 	
  
 "	 !
   
 
 
 !
  $	 %
&
 
 '
 %"
     # 	 
 "
 	 & 	 βj  βJ 
βd βωb
i,d
 βω˙b
i,d
! 
 
 βj ≤ ‖J‖ ≤ βJ  ‖τ bd(t)‖ ≤ βd ‖ωbi,d(t)‖ ≤ βωbi,d  
‖ω˙bi,d(t)‖ ≤ βω˙bi,d 	  && t ≥ t0 ≥ 0
 
    	 

 

  	 	 
 
  	 



    
	 
 	 		 
 Rn 
 
  	  

 
	 
 	 


 
 S3e  S
3
eq 
   
  	 

  	
  	 	
V(x) := V (x) + λW (x) 
V (x) :=
1
2
[(kp
k1
ek1e

q eq − 1
)
+ eωJeω 
+
( lp
k3
ek3e

eqeeq − 1
)
+ eeωJeeω
]
W (x) := eq TeJeω + e

eqTeqJeeω, 


  	 	     
 	  	 	  	
α(x), α(x) ∈ K∞ 
 	
	 α(x) ≤ V(x) ≤ α(x)   	
   	 
	
V(x) ≤1
2
[
kp
k1
(
ek1‖x‖
2 − 1
)
+
lp
k3
(
ek3‖x‖
2 − 1
)
+ 2βJ‖x‖2
]
+ λ2βJ‖x‖2 !
≤ max
{
kp
k1
,
lp
k3
, 2βJ , 4λβJ
}(
emax{k1,k3}‖x‖
2 − 1 + ‖x‖2
)
. "
 	 	   		 c9 
 	
	 e
c9‖x‖
2 − 1 ≥ ‖x‖2 	
	 
c9 ≥ sup
x∈R14
ln(‖x‖2 + 1)
‖x‖2 = 1


  	 #  	 
α(x) := c10
(
ec11‖x‖
2 − 1
)
, $

 c10 := 2max{kp/k1, lp/k3, 2βJ , 4λβJ}  c11 := max{k1, k3, 1} % 
  &	 #   V(x)   	
  '( 	
	(
ek1e

q eq − 1
)
≥ k1eq eq, )


    ##* 	
	
ex =
∞∑
n=0
xn
n!
≥ 1 + x . +,
-'##  ek3e

eqeeq − 1 
  
α(x) := xpmx +

 pm > 0  	
 '##	 *# 
P :=
1
2
⎡⎢⎢⎣
kpI λTeJ 0 0
λJTe J 0 0
0 0 lpI λTeqJ
0 0 λJTeq J
⎤⎥⎥⎦ . +
   
    	
 
   	
  	    V(x) 	  		 
      
    V (x)  
V˙ =− kde−k2eq eqeω eω + eωS(Jeeω)ωbi,d   !
− eωJS(ωbb,d)ωbi,d + eeωS(Jωbi,b)eω
+ eeωS(Jeeω)ω
b
i,d −
(
ldηe,b − kde−k2eq eq
)
eeωeeω
+
(
eω + e

eω
)
τ d.
"   S(·)  	   
   #	  $		
%%%!
‖S(Ja)b‖ ≤ βJ‖a‖‖b‖.  &!
' 	'  &! (
) *
	' (
 %+!  ,
  + 
   
eωS(Jeeω)ω
b
i,d ≤
1
2
βJβωb
i,d
(‖eω‖2 + ‖eeω‖2)  -!
eωJS(ω
b
b,d)ω
b
i,d ≤βJβωb
i,d
‖eω‖2  .!
eeωS(Jω
b
i,b)eω ≤
1
2
βJ (‖eω‖2 + ‖eeω‖2)(‖eω‖+ βωb
i,d
)  /!
eeωS(Jeeω)ω
b
i,d ≤βJβωb
i,d
‖eeω‖2.  0!
1  2
  -!3 0!    !  	'   
eq eq < 2  η˜ > 0  2
V˙ ≤ −φ(kd, ‖eω‖)‖eω‖2 − ψ(kd, ld, ‖eω‖)‖eeω‖2 + 2βd(‖eω‖+ ‖eeω‖),  %!
φ(kd, ‖eω‖) := kde−2k2 − βJ
(
6βωb
i,d
+ ‖eω‖
)
&4!
ψ(kd, ld, ‖eω‖) := ldδη − kd − 1
2
βJ(2βωb
i,d
+ ‖eω‖) &42!
  V˙     2
 	
  eω  
5	' 	
 6  	    V 	  		  '	 
V˙ ≤= −xQ(ωbi,b)x+ 2βd‖x‖ &!
 
  Q 	
 
    ωb
i,b
 
  	

 
  
  	    
     


   
  	 

  Q := [qij ], i, j = 1, 2, 3, 4  
q11 = λTekpe
k1e

q eqTe 	

q12 = q

21 =
λ
2
Te
[
kde
−k2e

q eqI− S(Jωbi,b)− JS(ωbi,d)
]
	

q13 = q

31 = 0  
q14 = q

41 =
λ
2
Te
[
S(ωbi,d)J− kde−k2e

q eqI
]
 
q22 = φ(kd, ‖eω‖)− λ
2
[η˜I+ S(˜)]J  
q23 = q

32 =
λ
2
[
kde
−k2e

q eqI− S(Jωbi,b)
]
Teq  	
q24 = q

42 = 0  

q33 = λTeq lpe
k3e

eqeeqTeq  
q34 = q

43 =
λ
2
Teq
{
S(ωbi,d)J+ ld [ηe,bI+ S(e,b)]− kde−k2e

q eqI
}
 
q44 = ψ(kd, ld, ‖eω‖)− λ
2
[ηe,bI+ S(e,b)]J.  
             eeq  !! 
 " #   $ qij,m  qij,M      $%$!&
qij  Q !'
(") #  2|ab| ≤ a2 + b2    a, b ∈ R  $
xQx ≥(q11,m − q12,M − q13,M − q14,M )‖eq‖2  *
+ (q22,m − q21,M − q23,M − q24,M )‖eω‖2
+ (q33,m − q31,M − q32,M − q34,M )‖eeq‖2
+ (q44,m − q41,M − q42,M − q43,M )‖eeω‖2
)   +!  qii,m) # '
xQx ≥ 1
2
(q11,m‖eq‖2 + q22,m‖eω‖2 + q33m‖eeq‖2 + q44m‖eeω‖2).  
(#)    ' Δω  eω ≤ Δω ,! ωbi,b = eω + ωbi,d - ‖ωbi,b‖ ≤ Δ
# Δ := Δω + βωb
i,d
 .  #      ) -
k	p :=2βJΔ,  
l	p :=2
[
βj(Δ + βωb
i,d
) + ld
]
,  
#  kp > k
	
p) lp > l
	
p) 
λ ≤min
{
φ(kd,Δω)
kd +
1
2βJ (1 + 2Δ+ βωbi,d)
,
ψ(kd, ld,Δω)
kd +
1
2βJ(1 + 2βωbi,d + ld)
, 1
}
.
   
    	
 
 
V˙ ≤ −qm‖x‖2 + 2βd‖x‖, 	

 qm(Δ) > 0          Q(Δ)  
 V˙(x) < 0   x ∈ H := {x ∈ S3e+ × R3 × S3eq × R3 : δ ≤ ‖x‖ ≤ Δ}
 δ := 2βd/qm
      !""#   	"  $   %
  α−1 ◦α(s)  α−1 ◦α(s) & $ '  δ	 Δ	  
δ	 < Δ	  (    0 < δ < Δ  
α−1 ◦ α(δ) =
√
c10(Δ)
(
ec11δ2 − 1)
pm
≤ δ	 . 	
)
    δ   c10  pm  $  
  c11  '  δ c10  pm *    Δ c10  pm
$        $
α−1 ◦ α(Δ) =
√√√√ ln(pmΔ2+1c10(Δ) )
c11
≥ Δ	 	
#
+ ,     !""#   	"     -%
 ' (eq, eω, eeq, eeω) = (0,0,0,0)    ' $  $
'$ $'$ 
  '    - (eq−, eω, eeq, eeω) = (0,0,0,0) 
   
    	
 
+   $  eq = eq+ Te = Te(eq+)  x := [e

q , e

ω , e

eq, e

eω ]


   $ ,   x˙ = f(t,x)  	!!.	!/   
  '            !""#
  	"       
 ' 0! 00  0/  '   βj  βJ  βd βωb
i,d

βω˙b
i,d
  βj ≤ ‖J‖ ≤ βJ  ‖τ bd(t)‖ ≤ βd ‖ωbi,d(t)‖ ≤ βωbi,d  ‖ω˙
b
i,d(t)‖ ≤
βω˙b
i,d
  t ≥ t0 ≥ 0 & $ δ δη a  b      R  
     $'   V : R → R
V(x) = V (x) + λW (x)  	
1
V (x) =
1
2
[(kp
k1
ek1e

q eq − 1
)
+ eωJeω 	
1
+
( lp
k3
ek3e

eqeeq − 1
)
+ eeωJeeω
]
W (x) = eq TeJeω + e

eqTeqJeeω, 	
1
  2  α, α ∈ K∞   α(x) ≤ V(x) ≤ α(x) 
 	0	  	0	 3        V 
   
  	 

  	
          

 
     !"#        φ  ψ  
 $ % 
&  ‖eω‖ ∈ [0, a)  ηe,b ≥ δη     
        
     $ $ & V    	
     "   
Q = [qij ], i, j = 1, 2, 3, 4   "' (       )   
 

  qij,m  qij,M     &  	* qij & Q +
&   ,
  '   &  x ∈ R   $ & - 
     
eq TeT

e eq ≥
1
8
eq eq, .#
   
    /      ‖eω‖ ∈ [0, a)  ,
 
' 
    ωbi,b = eω+ω
b
i,d  % ‖ωbi,b‖ ≤ Δ   Δ := Δω+βωbi,d  +&
   &   

     /       xk qi,jxl
&    ) 0)  %
k	p :=2jMΔ, .
l	p :=2
[
jm(Δ + βωb
i,d
) + ld
]
; .'
  kp > k
	
p lp > l
	
p
λ ≤min
{
φ(kd,Δω)
kd +
1
2jM (1 + 2Δ + βωbi,d)
,
ψ(kd, ld,Δω)
kd +
1
2jM (1 + 2βωbi,d + ld)
, 1
}
   qm(Δ) > 0           $ & Q(Δ) 1  & 
  
V˙ ≤ −qm‖x‖2 + 2βd‖x‖ .
 
$    qm ≥ 2βd/δ   $ V˙ < 0 &  x ∈ R∩H   H := {x ∈
S3e+ × R3 × S3eq × R3 : δ ≤ ‖x‖ ≤ Δ}
+        $%      2   
      &  & 3   -4 '## + #      
 &     + 
& &    $ / (eq−, eω, eeq, eeω) =
(0,0,0,0) &     
    	
 
( $   
ehqThT

h ehq =
1
4
h2˜˜ =
1
4
˜˜, ."
 h2 = (±1)2 = 1 &  h ∈ H  ,  $ & "   $
1
8
(
(1 − hη˜)2 + ˜˜
)
=
1
8
ehqehq, .
   
    	
 
   	
     
   
 
1
4
˜˜ ≥ 1
8
(
(1− hη˜)2 + ˜˜
)

˜˜ ≥ 1− hη˜ 
1 ≥ ˜˜, 
  	   q˜ ∈ S3    
  
	 
	 
 ˜˜ = 1− η˜2  

 
      !	"
    	
 
  
! 
  # 
 

Th (ehq)ehq =
1
2
h˜ $
   %	
 
  
    	 		  
 
	   
 
T˙h (ehq)ehq =
1
2
h ˙˜−Th (ehq)e˙hq, &
 h˙ = 0 
 ' ! (	 )&   " 
 

˙˜ =
1
2
[η˜I+ S(˜)][s − γTh ehq], 

 
 
T˙h (ehq)ehq =
1
4
{h[η˜I+ S(˜)]eω − I}
[
s− 1
2
γh˜
]
*
	  #   
! 
 
 
 Th (ehq)Th(ehq) = 1/4I   h
2 = 1 	
  h ∈ H    
 !	
    

 
(	
  # 
  !" 
   
  
V (x) :=
1
2
(
ehqkpehq + e

ωJeω
)
, )
  
 
 
 ehqehq = 2(1 − hη˜) V (x ∈ {S3h × R3 × H}\{0,0} × H) > 0  
V ({0,0}×H) = 0 + 
 
 
 V    
  x   h ,"	
	 - h  
 
       	 	     ! 	  
	  
 .!	/
 ) , V (x)  !	!	   !
" #
  
 !	'
 

ProjS3
h
×R3A = {x ∈ S3h×R3 : (ehq, eω) = (0,0)}    #      !" /

   
 0
 	" 
"   
 /! 
	 '
	  *) */)

 
 	 
		 $    
V˙ =ehqkpTheω + e

ω [S(Jω)eω −kpTh ehq − kdeω
]

=− eω kdeω. 
   
  	 

V (x)     	 
  
V (G(x)) − V (x) =1
2
kp
[‖[1 + hη˜, ˜]‖2 − ‖[1− hη˜, ˜]‖2] 
=2hkpη˜ 
  
 	   
       !   	  V (G(x))−V (x) <
−2σ 	 x ∈ D  " V (x(t))   
  #  $"
V˙ ≤ 0 ∀x ∈ C %
V (G(x)) − V (x) < 0 ∀x ∈ D, &
 
 	' 	  A  '    	    	  S3h × R3 (	
 ' 	 ' #) * #+ 	 ' 	
  , - '  

(" .!!% ( 	  
" 

uC(x) =
{ −eω kdeω
−∞
∀x ∈ C
otherwise
%! 
uD(x) =
{
2hkpη˜
−∞
∀x ∈ D
otherwise
%!
 
 
 	  /  '
W (x) := ehqThJeω . %
0 	 #
W (G(x)) −W (x) =1
2
⎡⎢⎢⎣
1 + hη˜
˜x
˜y
˜z
⎤⎥⎥⎦
 ⎡⎢⎢⎣
−h˜x −h˜y −h˜z
η˜ −˜z ˜y
˜z η˜ −˜x
−˜y ˜x η˜
⎤⎥⎥⎦

Jew %.
− 1
2
⎡⎢⎢⎣
1− hη˜
˜x
˜y
˜z
⎤⎥⎥⎦
 ⎡⎢⎢⎣
h˜x h˜y h˜z
η˜ −˜z ˜y
˜z η˜ −˜x
−˜y ˜x η˜
⎤⎥⎥⎦

Jew
=
1
2
⎡⎢⎣(1 + hη˜)(−h˜x) + ˜xη˜ + ˜y ˜z − ˜z ˜y(1 + hη˜)(−h˜y)− ˜x˜z + ˜y η˜ + ˜z ˜x
(1 + hη˜)(−h˜z) + ˜x˜y − ˜x˜y + η˜˜z
⎤⎥⎦

Jew %1
− 1
2
⎡⎢⎣(1− hη˜)h˜x + ˜xη˜ + ˜y ˜z − ˜z ˜y(1− hη˜)h˜y − ˜x˜z + ˜y η˜ + ˜z ˜x
(1− hη˜)h˜z + ˜x˜y − ˜x˜y + η˜˜z
⎤⎥⎦

Jew
=− 1
2
⎡⎣−h˜x − h2η˜˜x + η˜˜x−h˜y − h2η˜˜y + ˜yη˜
−h˜z − h2η˜˜z + η˜˜z
⎤⎦ Jew % 
− 1
2
⎡⎣h˜x − h2η˜˜x + ˜xη˜h˜y − h2η˜˜y + η˜˜y
h˜z − h2η˜˜z + η˜˜z
⎤⎦ Jew
   
    	
 
   h2 = 1
W (G(x)) −W (x) = −h˜Jew, 	


eω = 0 ⇒ W (G(x)) −W (x) = 0 . 	

               
eω = 0 ⇒ W˙ =e˙hqThJeω + ehqT˙hJeω + ehqThJe˙ω 	

=eωT

hThJeω + e

ωG

h Jeω 	

− ehqTh
[
(−S(Jω) + kωI) eω + kqTh ehq
]
=− ehqThkpTh ehq, 	

    !
"  ##  $  ## % !
  $
W˙ ≤ −ehq
kp
8
ehq, 	
&
   W  '(     {x ∈ S3h × R3 : eω = 0} ∩ C
 ) *    A
 *+ # $         S3h × R3

    	
 
, *   %#* +*
V (x) =
1
2
(sh Jsh + e

hqkqehq), 	

    # (  ##      *    $'
 + -+ + )  !

 )        '#
 .     $ "
/ !
"'!
/  !
  *
  0* 
V˙ =sh S(Jω)sh − sh kωsh − sh kqTh ehq + ehqkqThsh − ehqkqThγTh ehq 	
"
=− sh kωsh − ehqkqThγTh ehq, 	
/
 $ 1 % !
  $
V˙ ≤ −sh kωsh − ehq
γkq
8
ehq. 	
!
2  * V (G(x)) − V (x)
 ,  
V (G(x)) =
1
2
[
(eω + γT

−he−hq)
J(eω + γT

−he−hq) + e

−hqkqe−hq
]
	

V (x) =
1
2
[
(eω + γT

h ehq)
J(eω + γT

h ehq) + e

hqkqehq
]
	

   
  	 

   Th ehq = 1/2h˜   e

hqehq = (1− hη˜)2 + ˜˜	  
  
   η˜2 + ˜˜ = 1    ehqehq = 2(1− hη˜) 	
2V (G(x)) =eωJeω + γ(−h)˜eω +
1
4
γ2(−h)2˜J˜+ 2kq[1− (−h)η˜] 
2V (x) =eωJeω + γh˜
eω +
1
4
γ2h2˜J˜+ 2kq[1− hη˜], 
 
V (G(x)) − V (x) = 2h
[
kq η˜ − 1
2
γ˜Jeω
]
, 
    
	  !" V (G(x)) − V (x) ≤ −2σ < 0  x ∈ D #	
V˙ ≤ −c8/c7V (x) ∀x ∈ C $%%
V (G(x)) − V (x) < 0 ∀x ∈ D,
 c7  c8    &!!' ( )  !* ProjS3
h
×R3A =
{x ∈ S3h × R3 : (ehq, sh) = (0,0)}	   )"   	 $%%	 +""
  "    A   !"" 
"  
  
B¯A = C ∪ D	    ! 
"   "    S3h × R3
""
    	
 
#     
   "       ! 
# ,    !  x˙ = f(t,x) 
f(t,x) =
⎡⎢⎢⎢⎢⎣
Theω
J−1l ξ1
Teqeeω
J−1l ξ2
0
⎤⎥⎥⎥⎥⎦ , $%

ξ1 =S(Jω
b
i,b)eω + S(Jeeω)ω
b
i,d − kpTh ehq $%$
− kd(eω − eeω)− JS(ωbi,d)eω + τ d,

ξ2 =S(Jω
b
i,b)eω − kdeω + S(Jeeω)ωbi,d $%,
+ kdeeω − ld
2
[ηe,b + S(e,b)]eeω
− lpTeqeeq + τ d.
#    !  !"   ! -"    .! 
 "/  
  0       Aδ  ""
   
    	
 
  	 
      	 	  
  AΔ   	
     
       	 
   	
	       
V(x) := V (x) + λW (x),  !"
V (x) :=
1
2
[
ehqkpehq + e

ωJeω + e

eqlpeeq + e

eωJeeω
]
,
W (x) := ehqThJeω + e

eqTeqJeeω ,
 	 	  #    
     	 			    $


      % !&      	   
α(x) ≤ V(x) ≤ α(x)     	 α(x), α(x)   		 K∞ # 	
α(x) :=χpmχ  '"
α(x) :=χpMχ.  ("
 χ = [ehq, e

ω , e

eq, e

eω]

 pm ≤ ‖P‖ ≤ pM    		   
	 

	 
P :=
1
2
⎡⎢⎢⎣
kpI λThJ 0 0
λJTh J 0 0
0 0 lpI λTeqJ
0 0 λJTeq J
⎤⎥⎥⎦ ,  )"
	  * P 	 	  #       	 	

   	   6× 6 
 	$+	  	     	 
kpI  λ2TeJTe
lpI  λ2TeqJTeq .
*   ,		  --         Tq  Teq       
.  	  "   . 	    λ < 2
√
min{lp, kp}/jM =: κ
/0               V(x) 
   	$  $
 	 %      #	         V (x) 1 
V˙ = − kdeω eω + eωS(Jeeω)ωbi,d − eωJS(ωbi,d)eω + eeωS(Jωbi,b)eω  2"
+ eeωS(Jeeω)ω
b
i,d −
(
ld
2
ηe,b − kd
)
eeωeeω +
(
eω + e

eω
)
τ d.
    0 S(·) 	    	 
 	     3
&444"
‖S(Ja)b‖ ≤ βJ‖a‖‖b‖.  4"
 
  4" 5
6	 .  5
 &4&" ,		 	 -7-- 
   
  	 

   
eωS(Jeeω)ω
b
i,d ≤
1
2
βJβωb
i,d
(‖eω‖2 + ‖eeω‖2) 	

eωJS(ω
b
i,d)eω ≤βJβωb
i,d
‖eω‖2 	


eeωS(Jω
b
i,b)eω ≤
1
2
βJ(‖eω‖2 + ‖eeω‖2)(‖eω‖+ βωb
i,d
) 	
	
eeωS(Jeeω)ω
b
i,d ≤βJβωb
i,d
‖eeω‖2. 	

    	
	
  	  
V˙ ≤ −φ(kd, ‖eω‖)‖eω‖2 − ψ(kd, ld, ‖eω‖)‖eeω‖2 +
(
eω + e

eω
)
τ d, 	

 
φ(kd, ‖eω‖) = kd − 1
2
βJ
(
4βωb
i,d
+ ‖eω‖
)
, 	

ψ(kd, ld, ‖eω‖) = ld
2
ηe,b − kd − 1
2
βJ(4βωb
i,d
+ ‖eω‖). 	

        ηe,b ≥ δn   ψ(·)  !    " 
#$! $ ld  $$   V˙    %&   $
 eω
'(  &   $     V(x) $   $%$" )
     $     W (x) $   $%$" )
!$
W˙ =e˙q TeJeω + e

q T˙eJeω + e

q TeJe˙ω 	
*
+ e˙eqTeqJeeω + e

eqT˙eqJeeω + e

eqTeqJe˙eω
=eωh/4[η˜I+ S(˜)]eω + e

q TeS(Jω
b
i,b)eω
+ eq TeS(Jeω)ω
b
i,d − eq TekpTe eq
− eq Tekd(eω − eeω)− eq TeJS(ωbi,d)eω + eq Teτ d
+ eeω/4[ηe,b + S(ωe,b)]Jeeω + e

eqTeqS(Jω
b
i,b)eω
− eeqTeqkdeω + eeqTeqS(Jeeω)ωbi,d
+ eeqTeqkdeeω − eeqTeqld/2[ηe,bI+ S(e,b)]eeω
− eeqTeq lpTeqeeq + eeqTeqτ d, 	
+
 !  	
  	
+  	  
V˙ ≤= −χQ(ωbi,b)χ+ 2βd‖χ‖ 	

   
    	
 
  Q(ωbi,b) = [qij ], i, j = 1, 2, 3, 4  
q11 =λThkpT

h 	

q12 =q

21 =
λ
2
Th
[
kdI− S(Jωbi,b) + JS(ωbi,d)
]
	

q13 =q

31 = 0 	

q14 =q

41 =
λ
2
Th
[
S(ωbi,d)J− kdI
]
	

q22 =φ(kd, ‖eω‖)I− λ1
4
J 	

q23 =q

32 =
λ
2
[
kdI− S(Jωbi,b)
]
Teq 	

q24 =q

42 = 0 	

q33 =λTeq lpT

eq 	

q34 =q

43 =
λ
2
Teq
[
S(ωbi,d)J+
ld
2
[ηe,bI+ S(e,b)]− kdI
]
	

q44 =ψ(kd, ld, ‖eω‖)I− λ1
4
J. 	

   	  	  	
  	
  !"  
 !  # "    !  ηe,b(t) ≥ δn ∈ (0, 1) ∀ t ≥ t0	
$  !! eω #  ‖eω‖ ≤ Δ  % !   #   #
qij,m  qij,M      #&! qij  Q	 '%      ( 
)# #  &#  −xQx    !" 2|ab| ≤ a2 + b2  " a, b ∈ R 
 !#    "  
χQχ ≥(q11,m − q12,M − q13,M − q14,M )‖eq‖2 	

*
+ (q22,m − q21,M − q23,M − q24,M )‖eω‖2
+ (q33,m − q31,M − q32,M − q34,M )‖eeq‖2
+ (q44,m − q41,M − q42,M − q43,M )‖eeω‖2
 
q11,m ≥ 2(q12,M + q13,M + q14,M ) 	


q22,m ≥ 2(q21,M + q23,M + q24,M ) 	


q33,m ≥ 2(q31,M + q32,M + q34,M ) 	


q44,m ≥ 2(q41,M + q42,M + q43,M ) 	



χQχ ≥ 1
2
(q11,m‖ehq‖2 + q22,m‖eω‖2
+ q33,m‖eeq‖2 + q44,m‖eeω‖2). 	



   
  	 

   	 
  	  Q     
k	d :=
1
2
βJ(4βωb
i,d
+Δ)
k	p := jM (Δ + 2βωbi,d)
l	d := [2kd + βJ(4βωb
i,d
+Δ)]/δη 

l	
′
p := jM (Δ + βωb
i,d
) +
ld
2


≥ jM (Δ + βωb
i,d
) +
ld
2
ηe,b,
   	  	 kd > k
	
d kp > k
	
p ld > l
	
d lp > l
	′
p 	
λ ≤min
{
φ(kd,Δ)
1
4jM + 2kd + jM (2Δ + βωbi,d)
,
ψ(kd, ld,Δ)
1
4jM + 2βωbi,djM +
ld
2 2kd
, κ
}
.

V˙(x) ≤ −qm‖χ‖2 + 2βd‖χ‖, 

 qm(Δ) > 0  	      	 	  Q(Δ) 
	 V˙ < 0  	 x ∈ H := {x ∈ S3h × R3 × S3e × R3 ×H : δ ≤ ‖χ‖ ≤ Δ}

δ := 2βd/qm. 
!
" 	#  	 δ	 Δ	  	 δ	 < Δ	  	 	  $
Δ > δ > 0  	
α−1 ◦ α(δ) =
√
pMδ2
pm
=
√
4pMβ2d
pmq2m
≤ δ	, 
%
	
α−1 ◦ α(Δ) =
√
pmΔ2
pM
≥ Δ	. 
&
'   
% 	  	# δ	  	 	   	  	
 (	#  )  	#  
& * 	   
+	 	
,-	 ..&  /. )    	   Aδ 		 	 	0
	 #  1 #	  	    AΔ
2$  	   	  ,#	  	  0  
 

"   ..3  	
V(G1(x)) − V(x) <0 
3
V(G2(x)) − V(x) <0. 
.
   
    	
 
    	 
  
V(G1(x))− V(x) = 2hkp
(
η˜ − 1
2kp
λ˜Jeω
)
, 
  	         
V(G2(x)) − V(x) =1
2
[ (
ωbi,b − z
)
J
(
ωbi,b − z
)− lpeeqeeq 
− (ωbi,b − ωbi,e) J (ωbi,b − ωbi,e) ]− λeeqTeqJ (ωbi,b − ωbi,e)
=
1
2
[ (
ωbi,b − z
)
J
(
ωbi,b − z
)− lpeeqeeq 
− (ωbi,b − z− 2J−1ldTeqeeq) J (ωbi,b − z− 2J−1ldTeqeeq) ]
− λeeqTeqJ
(
ωbi,b − z− 2J−1ldTeqeeq
)
,
	 eeω = ω
b
i,b − ωbi,e   	      Teqeeq = 0 
x+ ∈ D2 	  !  eeω = ωbi,b−z " #   $  %
	  
lpe

eqeeq + 4l
2
de

eqTeqJ
−1Teqeeq ≥4ldωb,i,b Teqeeq − 4ldzTeqeeq − 2λωb,i,b JTeqeeq
+ 2λzJTeqeeq + 4λlde

eqTeqT

eqeeq. 
&	  ηe,b = δη 	  

eqeq = 1 − δ2η ‖Teqeeq‖ = 1/2‖eq‖ = 1/2
√
1− δ2η
 eeqeeq = (1− δη)2 + eqeq = 2(1− δη) 
l	
′′
p :=
(2ld + λjM )(Δ +Δz)
√
1− δ2η − ld
(
ld
jM
− λ
)
(1− δ2η)
2(1− δη) , %
	 ‖z‖ ≤ Δz     	

 	 Δz > 0    	 
    Teqeeq  T

e eq    
	 
   

     	   Aδ   x ∈ C    x    	
 
D1  D2  	   z    	
 	  	
  z˙ 
  ad            !"
	  	  #	
  	 limt→∞
∫ t
t0
addτ < ∞
 	$     %	 δ  βd    	
lp      	    lp > l
	
p 	   &  
 A  lp > l	′p   '(    	" )	     δη ∈ (0, 1)
    lp > l
	′′
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[kfq, kfω]
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s˙f = J
−1
f
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[S(Jfω
fb
i,fb)− kfωI]sf − kfqTfeefq + kfqTleelq + kfωsl + τ d
}
#
   
  	 

    	 	 
	        
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f˜(χ1) =
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[S(Jfω
b
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g˜(χ) =
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J−1f kfpT

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f
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√
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s˙fh = J
−1
f
{−[Cr(ω) + kfωI]sfh − kfqTfhefhq + τ d +Υl} , 
 Υl = −JfRfblb J−1l
(
τ lbdl + τ
lb
al
)
 	    !" 
  
 
x˙1 = f(x1) + g(x2, θ2), 

f(x1) =
[
Tfhsfh −TfhγfTfhefhq
J−1f {−[Cr(ω) + kfωI]sfh − kfqTfhefhq + τ d}
]
, 
   
 
g(χ2, θ2) :=
[
0
−Rfblb J−1l (τ lbld + τ lbla)
]
, #
χ1 := [e

fhq, s

fh]

 χ2 := [e

lhq, s

lh]

 χ := [χ1 , χ

2 ]

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     Vl(χ2) 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 /  "" 
V˙l   / % ‖χ2‖ > δl    ‖χ2‖  	   %
 r > 0  & Δ(r) > 0 	  supt≥t0‖slh(t)‖ ≤ supt≥t0‖χ2(t)‖ ≤ Δ
%    ‖χ2(t0)‖ < r, t0 ≥ 0 0
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 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‖ωlbi,ld‖ ≤ βωld  ‖ω˙lbi,ld‖ ≤ βω˙ld  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 % 
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Δω := βωld +Δ+ γ/2 %  t ≥ t0 ≥ 0 +  % #1   

ω˙lr = ω˙
lb
i,ld − γl(T˙lhelhq +Tlhe˙lhq) , 1
 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T˙lhelhq =
1
4
{hl[η˜lI+ S(˜l)]− I}
[
sl − 1
2
γlhl˜l
]
, 
     #  1  
ω˙lr = ω˙
lb
i,ld −
1
4
γlhl[η˜lI+ S(˜l)][slh − γlTlhelhq]. '
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τ lbla =Jl
(
ω˙lbi,ld −
1
4
γlhl[η˜lI+ S(˜l)][slh − γlTlhelhq]
)

− S(Jlωlbi,lb)[ωlbi,ld − γlTlhelhq]− klqTlhelhq − klωslh.
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‖τ lbla(t)‖ ≤ βla(θ2) 	 βla(θ2)   "
# "	 
	 $	  t ≥ t0 ≥ 0 
%
 $	  δl > 0 	 δl 
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‖g(χ2, θ2)‖ ≤ 1/jlm[βld + βla(θ2)], 
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Vf (x1) :=
1
2
(sfhJfsfh + e

fhqkfqefhq), )
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V˙f =− sfhCr(ω)sfh − sfhkfωsfh − sfhkfqTfhefhq + efhqkfqTfhsfh
− efhqkfqTfhγfTfhefhq + sfh
[
τ
fb
fd −Rfblb J−1l (τ lbld + τ lbla)
]

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 Cr(ω)  .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V˙f ≤ −χ1 Qfχ1 + s
[
τ
fb
fd −Rfblb J−1l (τ lbld + τ lbla)
]
, 
	 Qf := diag{γfkfq/8I, kfωI}  
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V˙f ≤ −qfm‖χ1‖2 + βf‖χ1‖ , -
	 βf := βfd + 1/jlm(βld + βla(θ2))  qfm > 0  
  
 #!
$ Qf   ! V˙f < 0  ‖χ1‖ > δf := βf/qfm  δf     
	 qfm     	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  Vf
!	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Vf (Gf (x1))− Vf (x1) = 2hf (kfq η˜f − 1
2
γf ˜

f Jfefω) , 
  % 
 2  +! " 
    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
 Vf (Gf (x1)) −
Vf (x2) < −2σf  x1 ∈ Df  
! Vf  
	
 	 #	 +! "  

V˙f ≤ 0 ∀x1 ∈ Cf/Bδf , 
Vf (Gf (x1))− Vf (x1) < 0 ∀x1 ∈ Df . 
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 Al = {x2 ∈ S3h×R3×H : (elhq, slh) ∈ B¯δl}  Af = {x1 ∈ S3h×R3×H :
(efhq, sfh) ∈ B¯δf } 
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 
 A = {x ∈ S3h × R3 × H × S3h × R3 × H :
(efhq, sfh, elhq, sfh) ∈ B¯δr} 

 δr = δf + δl  
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mf s˙+ (Ct +Kd) s+Kpp˜− ffd + mf
ml
(fld + fla) = 0 . 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Vt(x) :=
1
2
smfs +
1
2
p˜Kpp˜ > 0 ∀ s = 0, p˜ = 0 , $$#


 x = [s, p˜]   
  
 
  κ := 1/2min{mf , kpm}
 κ := 1/2max{mf , kpM} 
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V˙t = −sCts− sKpp˜− sKds+ p˜Kp ˙˜p+ s
(
ffd − mf
ml
(fld + fla)
)
, $)#
   
   Ct(ω
l
i,l)  *
		
 
 
 
V˙t = −(s − ˙˜p)Kpp˜− sKds + s
(
ffd − mf
ml
(fld + fla)
)
$"#
= −xPx+ s
(
ffd − mf
ml
(fld + fla)
)
)+#
≤ −pm‖xt‖2 + α′‖xt‖ )!#


 P := diag{Kd, γKp} α′ := [αfd + mf/ml(αld + αla)]  pm > 0  
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   V˙t(x) < 0 
 ‖x‖ > δ =: α′/pm 
lim
δ→0
κ(δ)δp
κ(δ)
= lim
δ→0
max{mf , kpM}δ2
min{mf , kpm} = 0, 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#
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z = ξ − 1
ka
a+
ki
ka
ζ,  
  
  
mf s˙ = −(Ct +Kd)s −Kpp˜− kaz+ b(t).  
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 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V (x) :=
1
2
[
kp
k1
(
ek1p˜
2
x + ek1p˜
2
y + ek1p˜
2
z − 3
)
+ smfs+ z
z
]
,  #

 x = [ep , s
, z]$ 

  ! "  $   
 %
&   "   α(x), α(x) ∈ K∞  
 
 α(x) ≤ V (x) ≤ α(x) '

        
V (x) ≤1
2
[
3
kp
k1
(
ek1‖x‖
2 − 1
)
+ (1 +mf )‖x‖2
]
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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  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 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  (       "
  c14  
 
 e
c14‖x‖
2 − 1 ≥ ‖x‖2$  
c14 ≥ sup
x∈R9
ln(‖x‖2 + 1)
‖x‖2 = 1


   $     "
α(x) := c15
(
ec14‖x‖
2 − 1
)
,  )

 c15 := 2max {kp/k1, 1 +mf}  c14 := max{k1, 1} *%  "  ( 
    V  +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
ex =
∞∑
n=0
xn
n!
≥ 1 + x,  
  (
ek1p˜
2
x + ek1p˜
2
y + ek1p˜
2
z − 3
)
≥ k1(p˜2x + p˜2y + p˜2z),  ,
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α(x) := c16‖x‖2,  ,-

 c16 := 1/2min{kp,mf , 1} *%$  !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V (t,x) 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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$  
V˙ (t,x) =− s [Ct(ωli,l) +Kd] s − sKpp˜− ˙˜pKpp˜
− skaz+ sb(t) + z
(
ka ˙˜p+
ki
ka
p˜
)
.  ,/
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V˙ (t,x) ≤− skds− p˜γkpp˜+ sb(t), 
 
≤− χQχ+ αd‖χ‖,
 χ := [p˜, s]  Q := diag{γkpI, kdI}   	 δ := αd/qm 
qm    	 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V¨ (t,x) =2s (Ct +Kd) s + 2s
Kpp˜+ 2s
kaz 
 %
− 2sb(t) − 2p˜kp ˙˜p− s(Ct +Kd)b(t)
− p˜Kpb(t)− zkab(t) + b(t)b(t) + sb˙(t),
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  ! 
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	  ‖χ‖ → δ  t → ∞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 Jr = J
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A = A2        * A2 = [aij ], i, j ∈ {1, . . . , n}
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